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Abstract. In this work, using an infinitely many critical points theorem we establish the existence
of a sequence of weak solutions for a Kirchhoff-type problem with singular term. This approach
is based on variational methods and critical point theory.
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1. INTRODUCTION

















was proposed by Kirchhoff [14] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. In recent years, the study of elliptic
problems involving Kirchhoff type operators have been studied in many works, we
refer to [1, 3, 5–7, 16–18, 20, 22]. For instance, in [17], Molica Bisci and Pizzimenti







∆pu+α(x)|u|p−2u = λh(x) f (u) in Ω,
u = 0 on ∂Ω.
They obtained the existence of infinitely many weak solutions by using variational





∆pu = f (x,u) in Ω,
u = 0 on ∂Ω.
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By using Browder Theorem, the writers proved the existence and uniqueness of solu-
tions. On the other hand, singular elliptic problems have been intensively studied in
the last decads. Among others, we mention the works [8–12, 15, 19, 21]. Recently,
motivated by this large interest, Ferrara and Molica Bisci in [8] studied the existence
of at least one non-trivial weak solution for the following elliptic Dirichlet problem −∆pu = µ
|u|p−2u
|x|p
+λ f (x,u) in Ω,
u|∂Ω = 0,
where λ> 0 and µ≥ 0 are two real parameters, Ω is a bounded domain in RN (N ≥ 2)
containing the origin and with smooth boundary ∂Ω, 1 < p < N and f : Ω×R→ R
is a Carathéodory function satisfying a suitable subcritical growth condition.
The aim of this paper is to investigate the existence of infinitely many weak solu-







|x|q = λ f (x,u) in Ω,
u = 0 on ∂Ω,
(1.1)
where ∆pu := div(|∇u|p−2∇u) denotes the p-Laplace operator, Ω is a bounded do-
main in RN(N ≥ 2) containing the origin and with smooth boundary ∂Ω,
1 < q < N < p, M : [0,+∞)→ R is a continuous function satisfying
(f1) there are two positive constants m0 , m1, such that
m0 ≤M(t)≤ m1, ∀t ≥ 0,
and f : Ω×R→ R is an L1-Carathéodory function.
Recall that a function f : Ω×R→ R is said to be an L1-Carathéodory function, if
(C1) the function x 7→ f (x, t) is measurable for every t ∈ R;
(C2) the function t 7→ f (x, t) is continuous for a.e. x ∈Ω;
(C3) for every ρ > 0 there exists a function lρ ∈ L1(Ω) such that
sup
|t|≤ρ
| f (x, t)| ≤ lρ(x),
for a.e. x ∈Ω.
A special case of our main result is the following theorem.

























∆pu+ |u|q−2u|x|q = f (u) in Ω,
u = 0 on ∂Ω
admits a sequence of weak solutions which is unbounded in X .
1.1. Preliminary considerations
Let Ω be a bounded domain in RN(N ≥ 2) containing the origin and with smooth




















|∇u(x)|qdx, (∀u ∈ X), (1.2)
where H := (N−qq )
q; see, for instance, the paper [2].
Let us define F(x,ξ) :=
∫ ξ
0 f (x, t)dt, for every (x,ξ) in Ω×R. Moreover we intro-
duce the functional Iλ : X → R associated with (1.1),
Iλ(u) := Φ(u)−λΨ(u),
















for every u ∈ X , where M̂ (t) :=
t∫
0
M(s)ds, t ≥ 0. By standard arguments, one has
that Φ is well defined (by Hardy’s inequality), Gâteaux differentiable and sequentially
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for every v ∈ X and clearly Φ is coercive. It is easy to prove that Φ is strongly
continuous. On the other hand, standard arguments show that Ψ is well defined and






for every v ∈ X , is a compact operator from X to the dual X∗.
Fixing the real parameter λ, a function u : Ω→ R is said to be a weak solution of
















f (x,u(x))v(x)dx = 0,
for every v ∈ X . Hence, the critical points of Iλ are exactly the weak solutions of
(1.1).
Our main tool to investigate the existence of infinitely many solutions for the prob-
lem (1.1) is a smooth version of [4, Theorem 2.1] which is a more precise version of
Ricceri’s variational principle [19, Theorem 2.5], which we now recall.
Theorem 2. Let X be a reflexive real Banach space, let Φ,Ψ : X → R be two
Gâateaux differentiable functionals such that Φ is sequentially weakly lower semi-
continuous, strongly continuous and coercive, and Ψ is sequentially weakly upper











ϕ(r), and δ := liminf
r→(infX Φ)+
ϕ(r).
Then the following properties hold:
(a) For every r > infX Φ and every λ∈]0,1/ϕ(r)[, the restriction of the functional
Iλ := Φ−λΨ
to Φ−1(]−∞,r[) admits a global minimum, which is a critical point (local
minimum) of Iλ in X.
(b) If γ <+∞, then for each λ ∈]0,1/γ[, the following alternative holds: either
(b1) Iλ possesses a global minimum, or




(c) If δ <+∞, then for each λ ∈]0,1/δ[, the following alternative holds: either
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(c1) there is a global minimum of Φ which is a local minimum of Iλ, or
(c2) there is a sequence {un} of pairwise distinct critical points (local minima)















Since the embedding X ↪→C(Ω̄) is compact, one has k <+∞. Fix x0 ∈Ω and D > 0
such that B(x0,D)⊂Ω and B(x0,D) not containing the origin, where B(x0,D) denotes




























where m := π
N/2
Γ(1+N2 )



















where lξ ∈ L1(Ω) satisfies condition (C3) on f (x, t) for every ξ > 0.
Our main result is the following.
Theorem 3. Assume that M : [0,+∞[→ R is a continuous function satisfying (f1).
Also let f : Ω×R→ R be an L1-Carathéodory function such that




B, where k and ω are given by (2.1) and (2.2), respectively.







, the problem (1.1) admits a sequence of weak
solutions which is unbounded in X.
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. Our aim is to apply Theorem 2 part (b) with X :=
W 1,p0 (Ω) and where Φ and Ψ are the functionals introduced in Section 2. As seen be-
fore, the functionals Φ and Ψ satisfy the regularity assumptions requested in Theorem
2. Now, we look on the existence of critical points of the functional Iλ := Φ−λΨ in












pkp for all n ∈ N. From (2.1) we get
max
x∈Ω̄
|u(x)| ≤ k‖u‖, (2.4)
for every u ∈ X . Then, for each u ∈ X with Φ(u)< rn, we have
max
x∈Ω̄












































since condition (ii) yields A<+∞. Now, we claim that the functional Iλ is unbounded












dn, x ∈ B(x0, D2 ),
2dn
D
(D−|x− x0|), x ∈ B(x0,D)\B(x0, D2 ).
(2.6)
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By (2.5), there exists Nδ such that∫
B(x0,D2 )
















since q < p.
If B = +∞, let us consider L > ω
λ
. By (2.5), there exists NL such that∫
B(x0,D2 )











dqn (∀n > NL).




since q < p. Therefore owing to Theorem 2(b), the functional Iλ admits an unboun-
ded sequence {un} ⊂ X of critical points. Then the problem (1.1) admits a sequence
of weak solutions which is unbounded in X . 
Among the consequences of Theorem 3, we point out the following result.
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Corollary 1. Let f : Ω×R→ R be an L1-Carathéodory function. Assume that
condition (i) of Theorem 3 holds. Further, require that
(iii) A < 1pkp and B > ω, where k and ω are given by (2.1) and (2.2), respectively.




∆pu+ |u|q−2u|x|q = f (x,u), in Ω,
u = 0, on ∂Ω,
admits a sequences of weak solutions which is unbounded in X .
Remark 1. We note that assumption (ii) in Theorem 3 could be replaced by the
following more general hypothesis:




















































the problem (1.1) admits a sequence of weak solutions which is unbounded in X .
Indeed, from (ii′) we obtain (ii), by choosing an = 0 for all n ∈ N. Moreover, if
we assume (ii′) instead of (ii) and set rn := m0b
p
n














































an, x ∈ B(x0, D2 ),
2an
D
(D−|x− x0|), x ∈ B(x0,D)\B(x0, D2 ),




From now on, arguing as in the proof of Theorem 3, the conclusion follows.












Arguing as in the proof of Theorem 3 but using conclusion (c) of Theorem 2 instead
of (b), the following result holds.
Theorem 4. Assume that f : Ω×R→ R be an L1-Carathéodory function such
that hypothesis (i) in Theorem 3 holds, and
(iv) A′ < m0pωkp B
′.







, the problem (1.1) has a sequence of weak
solutions, which strongly converges to zero in X .
Proof. Fix λ∈Λ′. We take Φ,Ψ and Iλ as in Section 2. Now, as it has been pointed
out before, the functionals Φ and Ψ satisfy the regularity assumptions reqired in
Theorem 2. As first step, we will prove that λ < 1/δ. Then, let {ξn} be a sequence of













pkp for all n∈N. Then, for all u∈ X with Φ(u)< rn, taking (2.4) into account,





























and therefore Λ′ ⊂ ]0,1/δ[ .
Let λ be fixed. We claim that the functional Iλ does not have a local minimum at








For all n ∈ N, let vn ∈ X defined by (2.6) with the above dn. Now, with the same
argument as in the proof of Theorem 3, we achieve Iλ(vn) < 0 for every n ∈ N large
enough. Then, since limn→+∞ Iλ(vn) = Iλ(0) = 0, we see that zero is not a local
minimum of Iλ. This, together with the fact that zero is the only global minimum
of Φ, we deduce that the energy functional Iλ does not have a local minimum at the
unique global minimum of Φ. Therefore, by Theorem 2(c), there exists a sequence
{un} of critical points of Iλ which converges weakly to zero. In view of the fact
that the embedding X ↪→C(Ω̄) is compact, we know that the critical points converge
strongly to zero, and the proof is complete. 
We end this paper with the following example to illustrate our results.
Example 1. Let r > 0 be a real number and {tn}, {sn} be two strictly increasing
sequences of real numbers that defined by induction
t1 = r, s1 = 2r
























Let f : Ω×R→ R be the function defined by
f (x, t) :=
{







, (x, t) ∈Ω× [tn−1, tn] forsome n > 1,
where ϕ : Ω→ R is a positive continuous function with 0 < m≤ ϕ(x)≤M. Then f
is an L1-Carathéodory function and since f (x, t) is strictly increasing with respect to




| f (x, t)| ≤ lξ(x), for a.e. x ∈Ω.
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for every x0 ∈ Ω and D > 0 such that B(x0,D) ⊂ Ω and B(x0,D) not containing the
origin, where Ω is a bounded domain in R2 containing the origin and with smooth











= λ f (x,u), in Ω,
u = 0, on ∂Ω,
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